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ABSTRACT 

This research studies Bayesian estimation approach on proportional conditional 

hazard model given to frailty on multivariate survival data. The survival time model that 

is used in research is additive frailties containing basic hazard function with Weibull 

distribution.The research uses the following method in analyzing survival data; first, 

likelihood of the model and prior distribution should be determined thusthe posterior 

distribution can be formed, and the second, the Gibbs sampling algorithm is performed 

to generate random samples from posterior distribution. This methodologyis also 

applied inMcGilchristan Aisbett’s kidney infection. Our research results can obtain 

useful information that recurrence factors affecting renal infections of patients are 

variable sex and the frailties. 

Keywords: Bayesian estimation, frailty, proportional Hazard model, additive frailties, 

Weibull distribution, Gibbs sampling. 

 

1. Introduction 
Survival analysis is a method that has a relation with time. Survival analysis is a 

statistical analysis that models the length of time until the occurrence of an event 

(Kleinbaum and Klein, 2005). Often in the Survival analysis, survival time individuals 

who are in the same group are correlated. This is caused by some unobserved 

covariates. In order covariates can be observed, one way is to add covariates into a 

model as a frailties. Of several popular existing distribution models to analyze survival, 

Weibull distribution is the most commonly used distribution (Evans et al., 2000) and 

Frailty model commonly used for univariate data. Therefore, in this study will be 

assessed modeling proportional hazards conditional given Frailty on survival 

multivariate data. Survival time model which will be used for baseline hazard function 

using Weibull distribution with additive frailties (Spiegelhalter et al., 1995). 

The purpose of this study is to estimate the parameters of survival multivariate 

model based on additive frailties model and applying this model based on additive 

frailties model. 
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2. Literature Review 

2.1 Basic Concepts of Survival Analysis 

Survival analysis is the analysis about data obtained from the record time 

achieved an object until the occurrence of the events fail (failure event). The events 

until a failure occurs is referred to as the time. According to Lee (2003), there are 

three factors that must be considered in determining thetime, survivalnamely: 

1. time origin / starting point of an event. 

2. Failure event of the whole incident should be clear. 

3. The scale of measurement as part of a time to be clear. 

 

The difference between survival analysis with other statistical analysis is censor. 

If the data is said to be censored observations time survival is only partially or has 

expired and it was not until the failure event (Pyke & Thompson, 1986). The cause 

of the data censored (Lee, 2003) as follows: 

1. When the object moved, died or refused to participate (lost to follow-up) 

2. If treatment is stopped for any reason (drop-out) 

3. When the study is end while the observed object has not reached the event 

failed (termination) 

 

2.2. Cox Proportional Hazards Model 

Cox proportional hazards model (Cox, 1972) is a general model is used for 

survival analysis. This model was first introduced by Cox. Cox proportional hazards 

model can be written: 

h y = h0 y exp⁡(β1X1 + β2X2 + ⋯ + βpXp )  (2.1) 

where h0 y  is the hazard function for each object with variable estimator X =0, so 

h0 y  is said to basic hazard function. (Collet, 1994), β1, β2, … , βp  are the 

regression parameters, and X1, X2, … , Xp  are covariates. 

 Cox model was expanded with the addition of Frailty in the model that is known 

as a Frailty model (Sahu et al., 1997). The most common types of frailty model is of 

shared-Frailty model (Cox, 1972).  

The Frailty model is a model that input survival time of individuals into 

subgroups (clusters subject). This model is an extension of the Cox model where the 

risk in each individual depends on additional unobserved random variable (Wienke, 

2003). 

On shared-Frailty model, we assume that 𝑌𝑖𝑗   is survival time of 𝑗, (𝑗 =

1,2, … , 𝑚𝑖) in group 𝑖, (𝑖 = 1,2, … , 𝑛) and given unknown parameters of Frailty and 

is denoted by 𝑤𝑖  (for group i), and the covariate vector  𝑥𝑖𝑗   so that the hazard 

function (multiplicative) that given frailty written as follows. 
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  𝑕 𝑦𝑖𝑗   𝑤𝑖  , 𝑥𝑖𝑗  = 𝑕0 𝑦𝑖𝑗  𝑤
′
𝑖 𝑒𝑥𝑝 𝑥

′
𝑖𝑗 𝜷  ,    (2.2) 

 

 where:  

𝜷    = Parameter of regression with vector p x 1 unknown regression 

coefficients 

𝑕0(𝑦𝑖𝑗 )     = baseline hazard function common for each individual 

𝑥𝑖𝑗          = risk of failure at a certain time and vector of covariates p × 1 for the 

jth subject in the ith group. 

 

 2.2.1 Weibull Model with Frailty Normal 

Baseline hazard using Weibull distribution written as follows.    

                             𝑕0 𝑦𝑖𝑗  = 𝜇𝛼𝑦𝑖𝑗
𝛼−1, 𝛼, 𝜇 > 0 , 𝑗 = 1, … , 𝑚, 𝑖 = 1, … , 𝑛           (2.3) 

Where 𝛼 is the shape parameter, μ is the scale parameter with 𝛼 > 0, 𝜇 > 0, 

and  𝑦𝑖𝑗  = Failure time,  y> 0. 

Weibull model with additive-Frailty can be formulated and assumed as 

follows. 

    𝑕 𝑦𝑖𝑗  𝑥𝑖𝑗 , 𝑏 = 𝜉𝑖𝑗𝛼𝑦𝑖𝑗
𝛼−1,           (2.4) 

where 𝑙𝑜𝑔   𝜉𝑖𝑗  = 𝑣 + 𝛽𝑇𝑥𝑖𝑗 + 𝑏𝑖 . 𝜇 = 𝑒𝑥𝑝⁡{𝑣} .We assume that a-priori 𝛼 ~ 

Gamma(𝜅1, 𝜅2) and 𝜇 ~ Gamma(𝜌, 𝜌).  bi is the frailties in the additive model 

are assumed N(0, η) and η is given Gamma ~ (𝜑, 𝜑). 𝜂−1 is the variance of 

Frailty. 

2.3 Gibbs sampling 

Gibbs sampling algorithm is contained in the MCMC method used for 

sampling from high-dimensional complex distribution (Gilks and Wild, 1995). The 

main concept of the Gibbs sampling is how to find where the univariate conditional 

distributions in the distribution contains all random variables with one variable to be 

determined value. 

3. Methodology  

The data used in this research is secondary data that the data time of recurrence 

of infection at the point of catheter insertion for renal patients using equipment portable 

sourced from research and Aisbett McGilchrist (1991).  

The steps in this study are: 

1. Determine baseline hazard function using Weibull distribution. 
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2. Determine frailty model. 

3. Construct likelihood function based on frailty model. 

4. Determine priors. Then, it can be determined posterior.  

5. Estimate the parameters. In this study, to estimate the parameters will be used 

gibbs sampling algorithm 

6. The application on data. 
 

4. Results And Discussion   

Based on the results of data exploration is obtained that the distribution pattern of 

of data using Weibull distribution. In this paper, the author will estimate the parameters 

in the additive frailties model using a Bayesian approach and gibbs sampler algorithm is 

used to generate random samples from the posterior distribution was desired (Mukid 

and Sugito, 2011). 

Let 𝑦𝑖𝑗  is failure event of jth subject in the ith group.in day scale. The total of 

patients who were observed as many as 38 peoples. Censor variables that used is the 

condition of the patient at the end of the study in which 0 indicates the status of the 

patient did not experience failure event and 1 shows the patient who experience failure 

event. In the sex variable, 1 for male and 2 for female. 
Data processing use WINBUGS 14. Here is the parameters of model to be 

estimated. 
 

𝑕 𝑦𝑖𝑗  𝑥𝑖𝑗 , 𝑏𝑖  = 𝜉𝑖𝑗 𝛼𝑦𝑖𝑗
𝛼−1 = 𝑒𝑥𝑝⁡( 𝑣 +𝛽𝑠𝑒𝑥 𝑠𝑒𝑥𝑖 + 𝛽𝑎𝑔𝑒 𝑎𝑔𝑒𝑖. + 𝑏𝑖 ) 𝛼𝑦𝑖𝑗

𝛼−1 

  

Estimation of the parameters model 𝛼 𝛽𝑠𝑒𝑥 , 𝛽𝑎𝑔𝑒  𝜎𝑓𝑟𝑎𝑖𝑙𝑡𝑦
2  and μ where 𝜇 =

𝑒𝑥𝑝 𝑣 , use a Bayesian approach that initially iterated 1000 times. Further iterations 

10.000 times with different starting point to 100.000 iterations until convergent. The 

results of parameters estimation by this software program package are presented in 

Table 1. 

Table 1. Results of the estimated parameters α,  𝛽𝑠𝑒𝑥 ,  𝛽𝑎𝑔𝑒 , and  𝜎𝑓𝑟𝑎𝑖𝑙𝑡𝑦
2 ,  𝜇 

Parameters Mean Deviation Standart (95% CI) 

α 1.202 0.1706 (0.9361,1.5) 

 βsex  -1.655 0.5449 (-2.596,-0.8106) 

βage  0.00602 0.01401 (-0.01608,0.02908) 

σfrailty
2  0.7853 0.5349 (0.1129,1.782) 

μ 0.0132 0.0129 (0.001621,0.03703) 
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Table 1 given informations that 𝛽𝑠𝑒𝑥  affect the timing of infection. It can be seen 

from the value of the confidence interval for each parameter. The parameter confidence 

interval contains the value zero does not affect the timing of the infection. Conversely, 

if the value of the confidence interval does not contain zero value then affects the timing 

of the infection of a patient. Comparison of survival time between male and female 

patients served by the following graph. 

 

 
 

Figure 4.1 The comparisons survival time graph between male and female patients 

(blue and red = male, Green and purple=female) 
 

From Figure 4.1 it can be seen that the mean of survival time for men on first 

and second study is lower than female patients of the first and second studies. This 

means that female patients have a lower risk of infection than male patients. 

𝜎2 > 0 is within the interval (0.1129, 1.782) which means that there is 

heterogeneity in the data that affect the survival time of patients. Convergence for 

posterior for each parameter is shown in Figure 4.2, 4.3 and 4.4 in the form density, 

trace plots, and history.   

 
 

 
Figure 4.2 Posterior density for the parameters 𝛼, 𝛽𝑠𝑒𝑥  , 𝛽𝑎𝑔𝑒  , 𝜎2, 𝜇 
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Figure 4.2 Posterior density for the parameters α, βsex  , βage  , σ2, μ 

 

Estimate for the parameters 𝛼, 𝛽𝑠𝑒𝑥 , 𝛽𝑎𝑔𝑒 , 𝜎2 and  𝜇 given good results because 

the plot of the density tends to smooth shape. Based on estimates on Table 1 show 

that  𝛼 > 1. 𝛼 In accordance with the shape of the density, because the value of 𝛼 >
1, Weibull distribution follows the shape of the normal distribution. α > 1 indicate that 

the failure rate increases with time. 
 

 

 
Figure 4.3 Trace Plots posterior 

  

From Figure 4.3 it can be seen that there is no trend in the Trace plot of each parameter 

so that it can be said that the model has converged.  
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Figure 4.4 history plot posterior 

 

The model can also be seen converging from the history plot. The model is said 

to converge if history seems tight and able to respond to all of the parameters. 
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5. CONCLUSION 

Based on the writing of the above, it can be concluded that: 

1. Parameter estimation of additive frailties model with Bayesian approach. 

Likelihood function construction is formed by additive frailties model. Prios is 

using non-informatif prior. Posterior distribution is proporsional likelihood times 

prior.  

2. Based on data processing, only sex and frailty  influence the survival time of the 

patient. From the observation between men and women, women have a lower 

risk than man to infection. This is cause by women have the mean of survival 

time longer than men. 
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